Abstract. We investigate the capabilities of loss-tolerant quantum state characterisation based on photon-number resolving detectors. Our emphasis lies on constructing the Wigner function of non-Gaussian Fock states with highly non-classical negative values around the origin of the phase space. We employ the idea of sampling the Wigner function point by point via photon parity measurements instead of using conventional homodyne tomography. Different regions in the phase space can be probed by applying appropriate displacements to the studied quantum state, which requires an overlap of the quantum signal with a weak coherent reference beam. Our results show that high losses in the experimental realisation can be tolerated for a defined parameter range enabling a reliable reconstruction of the photon number statistics and its characteristic oscillations. Further, we analyse the impact of imperfect mode overlap between signal and reference beam. We find that, in contrast to homodyne tomography, we can clearly distinguish a mode mismatch from losses and inefficiencies caused by detectors.
Introduction
Optical quantum information processing (QIP) can be divided in general into two different branches with specific protocols and realisations for quantum computing and communication applications. On the one hand, there are protocols based on discrete variables, where information is encoded on quantum bits (qubits) such as single photons. On the other hand, there exist QIP protocols based on continuous variables (CV), which typically employ Gaussian states such as coherent or squeezed light. CV schemes are often less demanding in terms of state preparation, however CV entanglement distillation is not possible without non-Gaussian operations or non-Gaussian states [1, 2] . Since quantum repeaters rely on entanglement distillation, this severely affects usual CV quantum communication over long distances.
Hence, non-Gaussian states and non-Gaussian operations play an important role in both, CV and qubit based QIP applications and an accurate characterisation of
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their properties is paramount. The most fundamental non-Gaussian states are Fock states, which exhibit an exact photon number in a single mode. Experimentally, the engineering and characterisation of Fock states containing only a single energy quantum or two quanta is challenging but it has been demonstrated recently [3, 4, 5, 6] . In phase space the Wigner function completely defines any arbitrary quantum state by a quadrature representation and Gaussian states exhibit positive distributions. Though for non-Gaussian states, in particular for Fock states with non-zero photon number, the Wigner function presents negative values as a genuine quantum feature. A usual measurement of the Wigner function is carried out by employing conventional homodyne detection followed by a tomographic technique [7] .
Homodyne detection is implemented using conventional photo-diodes and a balanced beam splitter, where the weak quantum signal is overlapped with a bright reference beam-typically referred to as the local oscillator [8] . After their interference, the differences of the photon currents of the two output channels are recorded, which corresponds to different quadrature measurements according to the relative phases between signal and local oscillator. This procedure intrinsically introduces a filtering operation of the quantum signals, since photons that do not spectrally overlap with the local oscillator are not detected. Thus, this effect can not be distinguished from losses, which in turn causes an inefficient calibration of the detection efficiency. Another drawback in this method is the fact that homodyne tomography is always an indirect state characterisation: the Wigner function can be constructed only after intricate computational back-projection and the photon statistics has to be recovered by more involved means, for detailed description see e.g. [9] .
A more direct characterisation of the Wigner function can actually be done if a photon number resolving detector is available. The value W (α) of a Wigner function at a given position α of the phase space (α ∈ C) is equal to the average value of the photon number parity (Π) operating on a quantum signal state displaced by the amount of −α [10] . As the observableΠ has the Fock states as eigenfunctions, its expectation value can be directly inferred from a complete determination of the photon number distribution [11, 12] . In this paper we call this method sampling technique. As opposed to tomography, the Wigner function is probed point by point in phase space. A first experiment, which demonstrated the principle of this approach, has been successfully carried out for coherent states in 1999 [13] . Nevertheless, for more interesting states with non-Poissonian distributions, the requirement of measurements with photon number resolution has severely limited the usage of the method. In the case of experiments dealing with interactions between photons and atoms, the latter enables to extract the value of Π from observed Ramsey fringes [14, 15] .
Recently, new strategies for measuring light with photon number resolution have been developed, allowing a more intensive exploration and characterisation of quantum states, see e.g. [16] . One of them, applicable for pulsed light, is a time multiplexed detector (TMD), which is especially attractive for QIP due to its simple implementation and operation [17, 18] . A TMD distributes a pulse of light into temporally adjacent pulses, which are subsequentially measured with on-off detectors, namely avalanche photo diodes (APDs). The recorded data does not directly correspond to the photon statistics themselves, but to the so-called click statistics. In a loss-tolerant photon counting setup the photon statistics can be revealed by taking into account the detection losses and the classical distribution of photons in time domain. The first experiment using this concept has been reported in 2005, demonstrating a reliable loss calibration, which enabled the conditional preparation and verifications of number states with nearly completely suppressed vacuum contributions [19] . In 2008 the TMD has also been successfully applied in the detection of multimode statistics of twin-photons generated by parametric down-conversion (PDC), which confirmed the suitability of loss-tolerant state characterisation for determining photon statistics [20] .
In this work we simulate an experiment that aims at the characterisation of Fock states via the sampling technique. In a related work, Banaszek and Wodkiewicz analysed how reliable the Wigner function reconstruction of a degraded quantum signal is, i.e. subject to the effect of statistical errors and losses [21] . We follow their steps in the context of adding recent developments in the analysis of experimental imperfections. We explicitly consider for the first time the use of the TMD device for achieving the photon number resolution and analyse in detail the influence of mode mismatch and its distinct signature in the detected photon statistics. This paper is organised as follows: In Sec. 2 we introduce a scheme for sampling the Wigner function via displacement operations and photon counting. We investigate the influence of implementing the displacement with an asymmetrical beam splitter and compare the result with a model that considers separately losses and ideal displacements for the single photon Fock state. In Sec. 3 we briefly review the properties of a TMD and explain how to reconstruct the Wigner function of quantum states using click statistics. In Sec. 4 we employ Monte Carlo simulations to analyse the reliability of the sampling technique in the high loss regime, showing how efficiently the Wigner function characteristics can be recovered from the response of the TMD. In the following Sec. 5 we introduce a simple model to study the effect of imperfect mode overlap and show that the matching degree can be estimated from the experimental data. Contrarily to usual homodyne detection, this method allows a more sophisticated analysis of the quantum signal: detector inefficiencies do not degrade the state characterisation and multimode spectral structures that are not matched by the single mode reference beam can be recognised from the measured statistics. The mode overlap presents distinct features when compared to the behaviour caused by losses. Finally, in Sec. 6 we conclude and highlight the main findings of our investigations.
Measurement of the Wigner function by sampling technique
Mathematically, the sampling method is based on evaluating the Wigner function at the origin of the phase space by taking the mean value of the photon number parity operatorΠ [11, 12] ,
As the Fock states |n are the eigenstates of the photon number parity operator (with eigenvalues (−1) n ), a natural representation for the density matrix isρ = ρ mn |m n|. In this way Eq. (1) simplifies to
Since the projection onto the photon number basis always erases the information about coherences of the state, the parity measurement gives the value of the Wigner function only at one single point of phase space. Nevertheless, the whole Wigner function can be constructed by applying appropriate displacements to the state. To access the value W (α) we have to displace the state by the quantity −α, which corresponds to applying the operatorD(−α) =D † (α) to the original signal state. This yields,
Physically, the displacement operation can be well approximated by the action of a highly asymmetrical beam splitter with transmission T ≈ 1, which is used to superimpose the quantum signal of interest with a strongly attenuated coherent reference beam |β [22] . In Fig. 1 we illustrate a scheme for modelling the implementation of the sampling technique. In addition to a displacement, which is realised by the first beam splitter with transmission T , we also include a loss element represented by a second beam splitter with transmission η in order to account for the limited quantum efficiency of detectors. We can easily see the action of this network on a given input field by calculating the evolution of the annihilation operatorâ. The beam splitter operator is a unitary transformationÛ relating the input and output modes via matrix U
In the Heisenberg picture the input modesâ in andb in can be expressed in terms of the output modes by using U −1 , which giveŝ
Using the relation in Eq. (4), we obtain for the mode at the detector
According to Eq. (6) the efficiency of the network is ηT , and the displacement set by the reference beam is modified by the factor 1−T T . In order to analyse the performance of a displacement implemented by a highly asymmetrical beam splitter, we evaluate the state's photon number distribution for two idealised cases, as illustrated in Fig. 2 and described in the next two paragraphs. First we consider the network shown in Fig. 2a representing a lossless channel followed by displacement using a beam splitter. In the following paragraph, we consider a lossy channel followed by ideal displacement (Fig. 2b) and compare the results. Our derivations prove that for an incoming single photon Fock state, the photon number distribution on both descriptions coincide if the ideal displacement α is chosen appropriately. A) Lossless channel followed by displacement via asymmetrical beam splitter Let us assume lossless detection (η = 1) and calculate the elements of the density matrix of the displaced state. The displacement is implemented by a beam splitter with transmittance T , and the quantum signal and the reference beam are launched in it through the ports a and b respectively. The signal at the output port A is detected while the one at port B is neglected, i.e. we are interested in the reduced density matrix ρ A given by tracing out the undetected arm B from the two-mode stateρ AB . The element ρ N M ofρ A is given by
We can evaluate Eq. (7) using the identity relationÛ †Û = 1. This enables to express the density matrixρ AB in terms of the incoming fields,
The matrix element in Eq. (11) can be evaluated with the help of the binomial expansion
where the summation over k indicates the splitting of the nth element between the modes A and B.
The photon number distribution P N is given by the diagonal elements of the density matrix ρ N N , obtained from Eq. (10) . Considering for example the single photon Fock stateρ a = |1 1| we obtain
and the summation over B resembles the expansion of exponential function but multiplied by a second order polynomial with respect to B. Each term in the summation converges and turns into an exponential e T |β| 2 times a Bell polynomial of the argument T |β| 2 . For the vacuum contribution, N = 0, the summation index k can only take the value 1, otherwise the accepted indices are k = 0, 1. If we choose T = 0 in Eq. (13), the whole signal gets reflected and the photon number distribution at the output arm results in Poissonian distribution. In case T = 1, the Fock state is transmitted through the beam splitter without any interference with the reference beam and will not be displaced at all. Then, the measured photon number distribution corresponds to the one of the single photon Fock state. In Sec. 4 we will consider the case of T = 95%.
B) Lossy channel followed by ideal displacement
Let us compare the last result with a model that considers losses in front of an ideal displacementD(α) as shown in Fig. 2b . In this case the quantum state interferes with vacuum at the beam splitter with transmittance T . The loss degraded density matrix is again evaluated using Eq. (7), where we consider the Fock state |n at the input i.e.ρ a = |n n|. Taking into account the loss, the m-th diagonal element of the density matrix can be written as
where n is the number of incident photons, m is the number of transmitted photons, and n − m the number of lost photons. The loss degraded density matrix has the form ρ L = m ρ mm |m m|, which leads to the following photon number distribution
It can be shown that the above matrix elements result in Laguerre polynomials [23] . Considering the single photon Fock state, the photon number statistics can be expressed as
which coincides with Eq. (13) when the displacement is α = √ 1 − T β. We can conclude that the action of the non-ideal displacement on the single photon Fock state corresponds actually to a loss applied before an ideal displacement, and a lower transmittance parameter T can be exchanged against the presence of higher loss.
In the next section the theory is extended to include the description of a non-ideal photon number resolving detector, which will be used in our simulations.
Loss tolerant characterisation using TMD
In order to gain information about the Wigner function of an incoming state applying the sampling technique we can use an experimental setup as shown in Fig. 3 . The quantum signal is superimposed with a reference beam on a high-transmission beam splitter, such that it gets displaced in phase space. While the reflected signal beam is neglected, the transmitted one is launched into a time multiplexing detector (TMD), for measuring the displaced photon number distribution. Photon counting is accomplished in a TMD by distributing one multi-photon-event in different modes, which are analysed with binary detectors. The TMD consists of a beam splitter network and has a fibre integrated implementation with fibre loops of variable lengths, such that a pulse launched into the detector is divided into a train of pulses via several 50/50 beam splitters couplers [17, 18] . The existence of photons in each mode (or time-bin) can be detected by APDs. From the measured data the so-called click-statistics are collected, which record the number of bins containing a detection event. Using the TMD, the measured click statistics p = (p 0 , p 1 , ... p n ) is related to the input photon number distribution ρ = (ρ 00 , ρ 11 , ... ρ nn ) through the relation [24] 
The convolution matrix C takes into account the stochastic distribution of n photons into several bins (from which follows that the number of clicks m is lower or equal to n) and the matrix L(η) describes the binomial process of loss,
Therefore, by inverting equation (17) or using a maximum likelihood technique, the photon number distribution of the quantum signal can be reconstructed from the click statistics if the loss η and the convolution matrix are known. Beside the numerical techniques an analytical solution presented in Appendix A can be used for inverting the losses. In previous work [11] , the analysis of the sampling method was done considering a network with a high-transmission beam splitter followed by a loss element and an ideal photon counter. In our analysis we want to elaborate how we can use a TMD as photon counter in conjunction with loss-tolerant characterisation for determining the displaced photon statistics and the Wigner function. For this we need to modify the detection model such that the order of the beam splitters modelling the losses and the displacement are interchanged. Combining all losses together (treating them as one overall loss η 2 ) and moving them in front of the displacement enables us to invert the click statistics of the displaced quantum states [Eq. (17)], i.e. we can study the displaced statistics independent from detector inefficiencies. The corresponding schemes are shown in Fig. 4 , and we can compare them by calculating the evolution of the annihilation operators through the networks. The creation operator of the model in Fig. 4a obeys Eq. (6) with T = T 1 and η = η 1 . Similar transformation for the model in Fig. 4b giveŝ
According to Eqs. (6) and (19) the efficiencies of the networks are η 1 T 1 and η 2 T 2 , and the displacement set by the reference beam is modified by factors
for the models in Figs. 4a and 4b respectively. If the following criteria
are fulfilled, the annihilation operators at the output ports of the networks are equivalent and the two situations can not be distinguished.
Thus, although the model in Fig. 4a presents an intuitive description of the physical process of displacing a state and measuring it with non-ideal quantum efficiency, the model in Fig. 4b gives mathematically the same result. The appropriate pair of parameters T 2 and η 2 are derived from the values of T 1 and η 1 , which can be precisely calibrated using properties of PDC twin-photons [19, 20] .
Monte Carlo Simulations
In the experiment the quantum state of interest is prepared several times enabling the realisation of an ensemble measurement, which allows the reconstruction of the photon number statistics. Here, a similar scenario is achieved using a Monte Carlo simulation.
The photon number statistics of the displaced Fock state can be evaluated with the help of Eq. (10). The same equation can be employed to calculate the effect of loss if the reference beam |β is replaced by vacuum. We performed a simulation to generate the statistics of the quantum state and convoluted it with the known stochastical description of the TMD, thus simulating the detected photon number distribution. In order to estimate the statistical errors, we performed for each sampled point of the phase space ten different Monte Carlo simulations, each consisting of 10 6 events. The chosen number of events is based on the number of expected experimental realisations, which depends, e.g., on the setup stability.
We performed two different types of simulations considering the Fock states |1 and |2 as input signals. As these states are symmetric in phase space, we assumed a fixed value for the relative phase between signal and reference beam, changing only the amplitude of the displacement. We studied a certain range in the phase space and restrict the coherent reference beam to have maximally the mean photon number of n β ∼ 49. Thus, we set the upper limit of the summation in Eq. (10) to 100 in order to avoid numerical errors.
To recover the photon number statistics of the displaced state we employed the direct numerical inversion of Eq. (17), which together with Eq. (2) yields the reconstructed Wigner function. There are two factors limiting the range for a reliable reconstruction. First, as a consequence of the TMD resolution, the mean photon number of the displaced beam is restricted. With a m-stage TMD, i.e. the number of 50/50 couplers, we are in principle able to resolve maximally upto 2 m clicks. For example, in the case of a 3-stage (8-bin) TMD, we note that errors begin to accumulate if the probability of having more than 8 photons in the displaced signal is on the order of 2-3%. The second limitation arises from statistical errors and can be estimated from the amount of events collected versus losses. Statistical errors are highly amplified in the loss inversion process. As the losses increase the inversion becomes unstable, i.e. the loss matrix becomes singular entailing negative probability components for the reconstructed photon number statistics. In this case the negative components are due to high-photon number contributions. We define the reliable reconstruction range by a boundary value for the displacement, at which the inversion becomes unstable or, similarly, the photon number statistics reconstructed from the 10 simulations render negative probability components larger than 0.1%.
Experimentally, losses are considerably high. For example, APDs have quantum efficiencies as low as 60-80% at 800nm. The coupling efficiency into single-mode fibres is highly mode sensitive and can drop down to 30-40% for mismatched modes. Effectively, a realistically achievable detection efficiency for a state characterisation setup lies between 20-30%. Additionally, losses due to other optical components may also not be negligible. An important source causing degradation of the signal is the beam splitter used as displacement element. Typically, the transmittance of the displacement beam splitter is around a value of 95%. Due to the 5% reflectance, the beam splitter intrinsically attenuates the quantum signal and modifies the displacement. In addition to the effect caused by inefficiencies or losses, we must take into account the accuracy at which the convolution matrix of the TMD can be determined. A non-uniform bin probability distribution is due to unbalanced 50/50 couplers, which are generally specified with 5% uncertainty.
Beyond the investigation of reconstructing the Wigner functions our simulations also allows us to directly explore the non-trivial photon number distributions of displaced Fock states. Presenting an exact photon number, Fock states exhibit a completely undertemined phase, which can be depicted by a rotational symmetry of the field's quadratures around the origin of the phase space. In other words, Fock states can be imagined as rings around the origin (uncertain phase) that have definite amplitudes (exact photon numbers). Detecting photon statistics corresponds to evaluating the overlap of the studied signal state with Fock states. Using this concept it becomes intuitive that the photon number distributions of displaced Fock states must present oscillations, as a consequence of the interference in the phase space [25, 26, 27] . These oscillations are presented in Fig. 5 for the states |1 and |2 . We clearly see that displacing, e.g., the single photon Fock state, the probability of measuring one photon starts to decrease and is finally maximally suppressed when the displacement reaches the mean photon number n α = 1. In Sec. 5 this quantum behaviour is explored in order to discern the effects of losses from imperfect mode overlap between signal and reference beam. 
Results
We performed the simulation for three different scenarios to clarify which kind of effects each experimental frame gives. We analysed the performance of the state characterisation and estimated the limitations by considering a realisable displacement operator implemented with a beam splitter of 95% transmittance, by assuming 8-bin and 16-bin TMDs and including the convolution matrices, and further by taking into account a finite detection efficiency.
Case 1: First we studied the effect of displacing the signal via a beam splitter with 95% transmittance. The simulations were performed assuming ideal detection efficiency and uniform distribution of photons on a 8-bin TMD. The reconstructed Wigner functions for Fock states |1 and |2 are slightly loss degraded due to the beam splitter, but this degradation can easily be handled with the direct inversion as shown in Fig. 6 . With lossless detection, the 8-bin TMD is adequate to scan the interesting regions of the phase space for both of these states. Due to the limited number of TMD stages, a reliable reconstruction of W (α) is possible only inside a given scanning range of phase space, i.e. there is a maximum value of α that can be safely applied. Therefore, the ultimate boundaries for the reliable scanning ranges correspond to displacements of α = 1.5 and α = 1.2 for states |1 and |2 , respectively. Case 2: In the second simulation we considered more realistic parameters, which might be accessible in the near future. We assumed a detection efficiency of 60% as well as an unbalanced TMD bin distribution, with splitting ratios of 45/55. The deconvolution however was still done by assuming the couplers to have 50/50 ratios. Fig. 7 shows a comparison between the reconstruction of single photon Fock state with 8-bin and 16-bin TMDs. As the detection efficiency decreases, the effect of the loss becomes prominent restricting the reliable scanning range in the phase space. Note that the 16-bin TMD does not perform much better than the 8-bin TMD. The direct inversion of the Fock state |1 breaks down for the 8-bin TMD close to a displacement of 1.2, while in the case of the 16-bin TMD the state reconstruction range is reliable up to a displacement of 1.4.
Case 3:
The third simulation resembles a scenario of a currently feasible experimental situation with a detection efficiency of 30%. Again, we assumed an unbalanced TMD with coupling ratios of 45/55 and balanced deconvolution. In this high loss regime there is basically no difference between the 8-bin and 16-bin TMDs. As shown in Fig. 8 the loss has shrunk the reliable reconstruction ranges from the earlier cases. The negative parts of the loss degraded Wigner functions are completely washed out. Nevertheless, the inner regions of the Wigner functions can still be reliably reconstructed up to displacements of 0.8 and 0.6 for the states |1 and |2 , respectively. The inversion causes negative components also near the zero displacement for the Fock state |2 indicating that the inversion is unstable. This is not caused by the contribution of higher photon numbers but by the accuracy at which vacuum, one and two photon components are recorded. We accept the results at these displacements as the error in the parity measurement is negligible. Despite the low efficiency (30%), the simulation indicates that we are able to reconstruct the oscillatory behaviour of the photon number statistics for the Fock states |1 and |2 . In Fig. 9 we show the loss degraded, inverted and expected photon statistics when no displacement is applied and when the highest reliable displacement is applied to the quantum signal state. The loss obscures the oscillations of the photon statistics, but similarly to the Wigner function analysis, using the inversion technique we are able to reconstruct this behaviour from the TMD measurement. 
Imperfect mode overlap between quantum signal and reference beam
Mode overlap is a crucial issue for both unbalanced and balanced characterisation techniques. In balanced homodyne measurements imperfect mode overlap has the same signature as loss, since only the overlapping part of signal state contributes to the detected photo currents. Contrariwise, in unbalanced measurements, as the sampling technique, all photons impinging on the photon counter are detected, and an imperfect mode overlap results in a convolution of several photon number distributions. We model the imperfect mode overlap by the beam splitter network shown in Fig. 10 . The signal and the reference beam are divided into four modes, from which only two interfere. The part of the quantum signal that does not overlap with the reference beam is reflected by a beam splitter with transmittance t 1 into an ancillary mode. Accordingly, the part of the reference beam that does not overlap with the signal is reflected into another mode at a beam splitter with transmittance t 2 . The degree of overlap is chosen via the parameters t 1 and t 2 , whose square is interpreted as the percentage of the signal state and of the reference beam that interferes. Figure 10 . Model for imperfect mode overlap. The signal and the coherent reference beam are divided into four modes in two different beam splitters, with transmittances t 1 and t 2 , respectively. In this scheme, m corresponds to the number of detected overlapped photons, while the number of not overlapping photons p or q is arising from the ancillary mode or from the uncorrelated reference beam, respectively.
We are interested in the joint probability distribution P (m, p, q) for the three detection arms of the network, where m corresponds to the number of overlapped photons, p to the number of non-overlapping photons arising from quantum signal state, and q to the number of non-overlapping photons coming from the reflected coherent reference beam. As the coherent reference beam is divided into two uncorrelated parts we assume a joint probability distribution composed of two independent probability distributions, P (m, p, q) = P (p, m)P (q). The detected photon number distribution is then given as the convolution of the distributions in the three detection arms,
With Eq. (21) we can now calculate the photon number distribution for Fock states in the presence of mode mismatch between the reference and the signal state. The Fock
n |0 is launched into the first beam splitter with transmittance t 1 interfering with the vacuum coming from the other input arm. The state is divided into the signal (s) and ancillary (a) modes by
where we have used the beam splitter transformationÛ from Eq. (5) and the binomial expansion. The density matrix of the two mode state |ϕ s,a has the form
This state is thereafter sent through the displacing beam splitter (transmittance T ), upon which the signal mode interferes with the overlapping coherent state |γ , whereas the ancillary mode gets combined with vacuum. The joint probability distribution P (m, p) of detecting m-photons in the signal arm and p-photons in ancillary arm is then given by
, (24) with P a (p) and P s (m) denoting the probability distributions for the detectors at the ancillary and signal arms respectively. These can be evaluated with the help of Eqs. (8)- (12) . Considering the ancillary mode, we can make the following substitutions in Eq. (8): ρ a → |l a a k| and |β b → |0 , which yields the photon number distribution of the ancillary arm
The Kroenecker delta-function δ l,k arises due the fact that only the contributions from the diagonal terms of the density matrix contribute to the detection. The form of the joint probability distribution in Eq. (24) simplifies to
where P δ k,l s (m) is the probability distribution of the displaced signal. This distribution can again be evaluated with the help of Eq. (8), now making the substitutions: ρ a → |n − l a a n − l| and |β b → |γ .
The effective reference beam |γ that overlaps with the quantum signal is given by the transmission of the initial coherent field |β , i.e. |γ = | √ t 2 β . In the same way, the non-overlapping part has the form | √ 1 − t 2 β . The last one results in an independent Poissonian distribution at the detection, given by
We performed Monte Carlo simulation to study the effect of imperfect mode overlap on the single photon Fock state according to Eq. (21), (26) and (27) . We generated the distribution P N again ten times, each consisting of 10 6 events, enabling us to construct the photon number statistics and to estimate the error (similar to simulation presented in Sec. 4). Further we utilise a beam splitter with 95% transmittance for the overlap and an 8-bin TMD with uniform bin distributions.
First we studied the differences between ideal (t 1 = t 2 = 1) and non-existing (t 1 = t 2 = 0) mode overlaps. The statistics is reconstructed by inverting with 95% efficiency, which corresponds to the intrinsic loss introduced by the displacement beam splitter. In Figs. 11a and 11c we show the characteristic behaviour of the vacuum P 0 and one photon P 1 components of the statistics for the both cases. Remember from our discussion about the oscillating photon statistics in Sec. 4 that in case of the ideal overlap we expect a suppression in the one photon component P 1 when the displacement is equal to one. As expected this behaviour is recovered in our simulation as seen in Fig. 11a . Contrarily in the non-overlapping case (Fig. 11c) , the statistics is given by a convolution of single photon state |1 and coherent field |β , which has a different mean photon number for each value of displacement. Thus, an increment in the displacement decreases the one photon component, nevertheless the characteristic oscillation of P 1 is no longer observable. This Gaussian behaviour of P 1 is caused by the Poissonian vacuum component of the reference beam. Another clear signature of a lack of mode match is seen in the vacuum component of the inverted statistics: in the case of no overlap this contribution is always zero independent of the displacement. This effect is opposed to the one caused by losses, that always increases the probability of lower photon numbers. Figure 11 . The behaviour of the vacuum and one photon components of the statistics vs. the dislacement of the single photon Fock state in the cases of a) perfect overlap (t 1 = t 2 = 1), b) 50% overlap (t 1 = 0.5, t 2 = 1) and c) no overlap (t 1 = t 2 = 0).
Next we consider an intermediate case, assuming 50% of overlap between the single photon Fock state and the reference beam (t 1 = 0.5, t 2 = 1). Because of the imperfect overlap the amplitude of the photon number oscillation is reduced, but still visible. Nevertheless, the analysis of Figs. 11b and 12a-b shows the characteristic behaviour of an mode mismatch: slow increment of P 0 and lack of suppression of P 1 , as the displacement is increased. This simple feature provides a route for evaluating the degree of overlap. In addition, the width of the reconstructed Wigner function becomes broader, when compared to the analytical solution (Fig. 12c) . Further, the positive tips seen on the wings cannot be properly reconstructed because the one photon contribution is not totally suppressed. Finally, we combine the effect of losses with imperfect overlap. We assume that the single photon Fock state has been affected by loss (detection efficiency equal to 30%) before applying a non-ideal displacement (t 1 = 0.5, t 2 = 1). In Fig. 13 we show the photon number statistics for both the degraded and reconstructed signals at different values of the displacement. The quantum feature of photon number oscillation is washed out by losses as well by imperfect overlap. Nevertheless, the first effect can still be handled by applying an appropriate inversion method, which emphasises the importance of the beam-splitter network model applied in this work (Fig.4b) . The reconstructed photon number statistics and thus the Wigner function are equal to the one obtained in last case (ideal detection efficiency, Fig.12) , except from the fact that the reliable maximal displacement is now restricted, due to instabilities caused by the losses. We employed a limit to the reliable displacement range defined by the occurrence of negative probability larger than 0.3%. In terms of displacement this limit is equal to 1.0, being the boundary value for the reconstruction of the the Wigner function. As shown in Fig. 14 , the Wigner function determined via the degraded signal does not display any quantum features. However, using the inversion of the statistics, the negative inner parts are recovered, although with a broadened width as a consequence of the imperfect mode overlap. A further analysis using this model will consider a thorough investigation of the convolution effects in Eq. (21) , such that the exact degree of overlap could be reliably extracted from the detected click statistics. Despite of the fact that an analytical solution to this question is not given, the presented analysis provides, to our knowledge for the first time, qualitative features that discern the effect of losses from imperfect overlap. By fitting this model to the experimental data, the value of the degree of overlap can be extracted.
Conclusions
We studied the ability to reconstruct the Wigner function of low-photon-number Fock states in a TMD based photon counting experiment. This kind of experiment offers the opportunity of loss-tolerant characterisation via the inversion of losses, and enables to probe the Wigner function point by point in the phase space.
We calculated the photon number distribution after displacing the state with an asymmetric beam splitter, showing that this setup can be efficiently modelled by a loss element in front of an ideal displacement for a single photon Fock state. Several parameters restrict the reliable reconstruction range in phase space: the number of TMD bins with respect to the mean photon number of the studied quantum state, the stability of the inversion and the loss level. With current technology, the detector efficiency level is the dominant limitation.
Performing Monte Carlo simulations we reconstructed the Wigner functions for single and two photon Fock states at different levels of detection efficiency. The photon number distributions of displaced Fock states present a characteristic oscillatory behaviour that, in the low efficiency level, are washed out. Nevertheless, the oscillatory feature can be reliable restored through the loss-inversion. A clear indication of phase space interference is given by the suppression of the one-photon component after displacing the single photon Fock state. The presented simulations show that for perfect mode-matching the Wigner function of single photon Fock state can be reconstructed with high confidence.
Finally, we presented a model allowing to estimate the degree of mode overlap between the quantum signal and the reference beam, used for realising the signal's displacement. The model is based on a simple beam splitter network, where the information carried by the overlapping and non-overlapping parts give rise to a joint probability distribution. By performing a Monte Carlo simulation we studied the reconstruction of the characteristics of the single photon Fock state. A lack of mode matching is recognised from an exponential decrease in the one photon component as the displacement is increased. Also, contrarily to losses, an absence of overlap decreases the expected vacuum components in the statistics of the displaced single photon Fock state. Even in a scenario of 50% overlap the reconstructed Wigner function shows negative values, although with a broader width.
Our results motivate the experimental exploration of non-Gaussian states with photon number resolving detectors, even in the situation of rather low detection efficiencies. Furthermore, the sampling method allows an advanced quantum state characterisation that is intrinsically not only sensitive to a single mode but takes into account all characteristics of the original quantum state and the coherent reference beam. In our paper, we provided the tools to reliably characterise the prepared state and highlighted the different impacts of inefficient detection, convolution of statistics and mode mismatch. In contrast to usual homodyne detection, our analysis enables us to recognise the type of experimental imperfections, and gives valuable information about the extent of degradation caused by each one. Thus, our work constitutes a basis for a broad understanding of experimental data. We expect that our investigation opens a new route of detecting and studying quantum states and offers a new experimental technique for both CV and discrete variable based quantum information applications.
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We would like to acknowledge fruitful discussions with T. C. Ralph, W. where n now corresponds to the number of loss degraded detection events and m is the number of photons in the signal state. Note that both matrices in Eqs. (18) The result of Eq. (A.4) coincides with the independent analysis presented in Ref. [11] and corresponds to scaling of the parity factor by the detection efficiency. We can apply this method for example on the loss degraded statistics of the single photon Fock state derived in Eq. (16) . The loss inverted Wigner function can be written as
